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Abstract 
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1 Introduction 

Versions of the maximum principle for complex-valued functions dehned on 
a domain in C have been of interest since the development of the classical 
maximum modulus theorem and Phragmen-Lindelof principle for holomor- 
phic functions (see, e.g. uni Chap. V]). It is important to distinguish be¬ 
tween two types of result here. First, there is the weak maximum principle 
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asserting that under certain circumstances a nonconstant function / : —)• C 
cannot attain a local maximum in its domain thus if is bounded and / 
is continuous on we have 

sup|/(^)| = sup |/(z)|. (1) 

Second - and this will be our main concern in this paper - there is the 
strong maximum principle or Phragmen-Lindeldf principle. This generally 
applies to unbounded domains, and generally a supplementary hypothesis on 
/ is required for the conclusion ([T]) to hold. For example, if / : —)■ C is 
analytic, where = C+, the right-hand half-plane { 2 ; G C : Re^; > 0}, then 
if / is known to be bounded we may conclude that ([I]) holds, whereas the 
example f{z) = exp ( 2 ;) shows that it does not hold in general. 

We shall use the following standard notation: 

df 1 _ 1 

df = -^ = and df = — = -if^ + ify). 

For quasi-conformal mappings /, that is, those satisfying the Beltrami 
equation df = udf with \v\ < k < 1, the weak maximum principle holds 
(see, for example ID)- This fact was used in [H Prop. 4.3.1] to deduce a weak 
maximum principle for functions solving the conjugate Beltrami equation 

df = udf. (2) 

Their argument is based on the fact that if / is a solution to (E]), then 
it also satishes a classical Beltrami equation df = iZfdf, where = 

i'{z)df{z)/df{z), and hence f = G o h where G is holomorphic and h is a 
quasi-conformal mapping (cf. [TJ Thm. 11.1.2]). 

Carl [3] considered functions w satisfying equations of the form 

dw{z) + A{z)w{z) + B{z)w{z) = 0 (3) 

and deduced a weak maximum principle for such functions, analogous to ([I]), 
under certain hypotheses on the functions A and B. We shall take this as 
our starting point. 

For general background on generalized analytic functions (pseudo-analytic 
functions) we refer to the books [2l|9l[TT]. The following dehnitions are taken 
from the recent paper [T]. 
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Definition 1.1. Let 1 < p < oo. For u G (i.e., a Lipschitz func¬ 

tion with hounded partial derivatives), the class Hj) consists of all measurable 
functions / : D —)■ C satisfying the conjugate Beltrami eguation ^ in a 
distributional sense, such that the norm 

WJWhE = (^ess supo<,<i ^ ^ \f{re^^)\Pdt 

is finite. Clearly for u = 0 we obtain the classical Hardy space If 

instead v is defined on an arbitrary subdomain Q G C, we may define the 
class as the space of all bounded measurable functions satisfying 

eguipped with the supremum norm. 

We may analogously define spaces G^(D), where a G and in 

general where now, for a function w we replace ^ by 


dw = aw. 


(4) 


Once again, the case a = 0 is classical. 


When u is real (the most commonly-encountered situation), there is a 
link between the two notions: suppose that ||z^||L°°(r 2 ) with ||z/||oo < k < 1, 

and set a = — and a = ^, so that a G (hi). Then / G L^fD) 


satisfies (Ej) if and only if tc := 


^ satisfies (HI). 
\/l - ^2 ^ 


We shall mainly be considering the class for which it is possible to 
prove a strong maximum principle and a generalization of the Hadamard 
three-lines theorem under mild hypotheses on a, which are satisfied in stan¬ 
dard examples. The referee has suggested that there may be a link between 
these assumptions and the strict ellipticity of a, although we have not been 
able to show this. 


2 Functions defined on unbounded domains 

The following result is an immediate consequence of [3l Thm. 1], taking 
A = 0 and B{z) = —a{z) in ([3]) in order to obtain (jl]). 
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Proposition 2.1. Suppose that Vt is a hounded domain in C and that w 
is a continuous function on 12 such that holds in 12, where a satisfies 
2|Q!p > \da\. Then |w(2;)| < I'M^(C)I for oil 2 ; G 12. 


Proof. Taking fc = 2 in [3l Thni. 1], we reqnire that the matrix M = 
be negative semi-dehnite, where, with a = —2|ap and b = —da, 

we have 


fa + Re b Imb \ 
y Im 6 a — Re ' 


On calculating mu, m 22 (which must be non-positive) and detM (which 
must be non-negative) we obtain the sufficient conditions —2|ap±Re9a < 0 
and 2|ap > \da\\ clearly the second condition implies the hrst. □ 


Example 2.1. In the example a = 1/x, occurring in the study of the toka- 
mak reactor [51 E], we have a{x) = — ^ and da = thus the inequality 
21 op > \da\ is always an equality. 

Note that by rescaling z we may transform the equation (jl]) to one with 
a = — ^ for any A > 0 (with the domain also changing); then the inequality 
requires that 2/A^ > 1/2A, so that if we take 0 < A < 4 the inequality is 
strict. 


Now for e > 0 we write he{z) = 1/(1 -|- ez), and note that whenever 
12 C C+ is a domain, we have that the functions satisfy 

(i) For all £ > 0, h, G Hol(f2) n C(n). 

(ii) For all e > 0, = 0. 

(hi) For all z &PL, lim^^o l^£(^)l = 1- 

(iv) For all £ > 0, for all 2 : G (912, |h£( 2 :)| < 1. 

Suppose that dw = aw and that h is holomorphic; then d{hw) = (dhw, 
where /3 = ah/h. Moreover, 

d(5 = d{ah)/h = {da){h/h) + a{dh)/h. 

That is, with h = he, we have |/9| = |(a| and |9/9| < \da\ + |(a||9h£|/|he|. 

Theorem 2.1. Suppose that 12 C C+ (not necessarily bounded) and that w 
is a continuous bounded function on 12 such that holds in 12 where a is 
a function satisfying 2|ap > \da\ -|- |a|l^h^l/lhgl for all e > 0. Then 
1 ^( 2 ;)I < sup^g 9 f 2 k(C)l for all z eVt. 
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Proof. Fix £ > 0 and M = sup^gg^ l'W^(C)l- Suppose that M > 0. Then by 
property ([n]) there is an p > 0 such that for all z & VL with \z\ > rj we have 
\w{z)hs{z)\ < M. 

Now, by property ([i]) and Proposition 12.11 we have 

sup \w(z)hs(z)\ = sup \w(z)he(z)\, 

z<£nnD{o,ri) z£a{nnD{o,ri)) 

at least if 2|ap > \da\ + |a||9he|/|h£|. 

Now n Z1(0, rj)) C {dPt n Z1(0, rjj) U (9/1(0, rj) n^l). 

By hypothesis, \w{z)\ < M ii z E dQ, and by property ([ly]), \h^{z)\ < 1 
for 2 e on. So sup^^g^g,;o(oTy \'^i^)heiz) \<M. ^ 

By the dehnition of rj we also have \w{z)he{z)\ < M if |z| > p with z G fl, 
and in particular for z G fl 9/1(0, rj). 

We conclude that sup^gj^pj^j-g \w{z)hs{z)\ < M. However, \w{z)h^[z)\ < 
M whenever z E Pt with \z\ > rj, and hence sup^g^ \'^iz)hi;{z)\ < M. Now, 
letting e: tend to 0, and using property dm]), we have the result in the case 
M > 0. 

If M = 0, then by the above we have that sup^gg^^ \w{z) | < 7 for all 7 > 0, 
and the same holds for 2 ; G fl by the above. Letting 7 —)■ 0 we conclude that 
w is identically 0 on fl. 

□ 

Example 2.2. Consider the case o: = —^ and 9 q! = hypothe¬ 

ses of the theorem to be valid we require 

2 1 1 £ 

->-^- . 

2Ax^ Ax|1-|-£^| 

If A = 1 (and by rescaling the domain we can assume this) then this always 
holds, since |1 -|- A 2 ;| > Ax. 

In the following theorem, it will be helpful to note that we shall be con¬ 
sidering composite mappings as follow: 

A H ^ C and A ^ Q ^ C. 
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Theorem 2.2. Suppose that f2 C C is simply-connected and that the disc 
D{a,r) is contained in C \ Let h : C ^ C be defined by h{z) = re^ + a, 
and let K be a component of h~^{Q). Set ge{z) = 1/(1 + eg{z)), where 


g{z) = log 


is a single-valued inverse to h defined on Suppose 


that w is a continuous bounded function on Vt such that holds in VL with 
a a function satisfying 


2|ap > \da\ + \a\\dgfi/\ge 


(5) 


for all £ > 0. Then |w(;2)| < l'?^(C)l for all z ^ Ll. 

Proof. First we identify the equation satisfied hy v = w o h, where h is 
holomorphic. Namely, 


dv = d{w oh) = d{w oh) = {dw o h){dh) = [dw o h){dh) 

= {{aw) o h){dh) = {ao h){w o h){dh) = /3v, 

where (3 = {a o h){dh). Note that dfi = {da o since d{dh) = 0. 

The condition 

2\fi\^>\dfi\ + mdhe\/\hfi (6) 

at a point of A can be rewritten 

2|a o h\^\dh\^ > \da o h\ \dh\^ + |a o h| \dh\\dhe\/\he\. 


Now g^ = h^ o g-, thus dh^ = {dg^ o h){dh). 

That is, (E]) is equivalent to 

2|a o h\^\dh\^ > \da o h\ \dh\^ + |a o h| \dh\^\dge o h\/\g^ o h|. 


or 

2|a o > \da o h| + |a o h\\dge o h\/\gi. o h\. 

The set A is open, and thus 9AnA = 0 and also h(9A)nr2 = 0. Moreover, 
since h{dA) C h{A) C h(A), we get h{dA) G Ll\Ll = dLl. 

Since w is bounded on hi, the function v = w o h is bounded on A, and 
using the calculations above and Theorem 12.11 with condition (jH]), we see that 

sup|n(; 2 )| = sup \v{z)\. 

zGA 2e9A 
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Since h{A) = f2, sup^gA l'^(^)l = l'W^(2^)l- Moreover, since h{dA) C dfl, 

we have also 

sup |n(;2)| < sup |tc(2;)|. 

zGdA zGdfl 

It follows that sup^gQ l'?^(^)l ^ sup,jggQ |w( 2 ;)| and we obtain equality. 

□ 


We now provide a generalization of the three-lines theorem of Hadamard 
(see, for example [H Thm. 9.4.8] for the classical formulation with a = 0). 


Theorem 2.3. Suppose that a and b are real numbers with 0 < a < 6, and 
let fl = {z E C : a < Re z < b}. Suppose that w is a continuous bounded 
function on hi such that holds in hi where a is a function satisfying 


2|a|^ > \da\ + 


|a||log(M(a)/M(6))| 


\a\\dhe\/\hs 


(7) 


for each e: > 0. Then the function M defined on [a, b] by 


M{x) = sup \w{x + iy)\ 

ym 


satisfies, for all x G (a, b), 

M{xf-^ < M{af-^M{by-A 


That is, logM is convex on {a,b). 

Proof. Consider the function g defined on hi by 
h{z) = 


where quantities of the form M‘^ are defined for M > 0 and a; G C as 
exp (a; log M), taking the principle value of the logarithm. 

Now V := hw satisfies |n(.2)| < 1 for z G dfl, since |h(a + iy)\ = 1/M(a) 
and \h{b + iy)\ = 1/M{b). 

Given that dw = aw and that h is holomorphic, then, as we have seen, 
d{hw) = jdhw, where fd = ah/h. Moreover, d/d = d{ah)/h = {da){h/h) + 
a{dh)/h. 

Now log h = log M(a) -1-log Mifb), and so 

dh I logM(a)/M(6)| 
h b — a 
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Thus the condition ([7]) on a implies that /3 satisfies 2|/3p > |c}/3| + |/3| |9he|/|he|. 
Hence we can apply Theorem 12. II to n, and the result follow. 

□ 

Remark 2.1. As in Example 12.21 rescaling is helpful here, since if 2 ; is 
reparametrized as \z, then da is divided by A and 6 — a is also divided by 
A: thus the inequality ([7]) becomes easier to satisfy. 


3 Weights depending on one variable 

We look at two cases here, for functions defined on a subdomain of C+, 
namely weights a = a{x) and radial weights a = a{r). We revisit Theo¬ 
rem [2Tl 

Since we now have da = a'/2, we obtain the following corollary. 

Corollary 3.1. Suppose that 12 C C+ (not necessarily hounded) and that 
w is a continuous bounded function on 12 such that Q) holds in 12 where 

a = a{x) is a function satisfying 2|Q!p > la'l/2 -|- |q;|IS hel/lh^l for all 

£ > 0. Then |ry(2:)| < sup^gg^ l'?^(C)l for all z G 12. 

Likewise, in polar coordinates (r, 6) we have 

a = ^ - ^3.). 

giving the following result. 

Corollary 3.2. Suppose that 12 C C+ (not necessarily bounded) and that 
w is a continuous hounded function on 12 such that holds in 12 where 
a = a{r) is a function satisfying 2|q;P > |a'|/2 -|- |q!|| c2h£|/|h.£| for all 

£ > 0. Then \w{z)\ < sup^g^^ I'M^(C)I for all 2 ; G 12. 

Suppose now that a{x) = ax^. The condition we require is then 
2|a|^a;^^ > |a/i|x^“^/2 -|- \a\x^—^ —r. 


which is only possible for /i = — 1. However, it is easy to write down poly¬ 
nomials in X that do not vanish at 0 but which satisfy the conditions of 

Corollary [321 
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